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Keyword:
Temperature dependent propertiesExpressions for thermodynamic potentials (internal energy, Helmholtz energy, Gibbs energy and
enthalpy) of a thermoelastic material are developed under the assumption of small strains and ﬁnite
changes in the thermal variable (temperature or entropy). The literature provides expressions for the
Helmholtz energy in terms of strain and temperature, most often as expansions to the second order in
strain and to a higher order in temperature changes, which ensures an afﬁne stress–strain relation and
a certain temperature dependence of the moduli of the material. Expressions are here developed for
the four potentials in terms of all four possible pairs of independent variables. First, an expression is
obtained for each potential as a quadratic function of its natural mechanical variable with coefﬁcients
depending on its natural thermal variable that are identiﬁed in terms of the moduli of the material.
The form of the coefﬁcients’ dependence on the thermal variable is not speciﬁed beforehand so as to
obtain the most general expressions compatible with an afﬁne stress–strain relation. Then, from each
potential expressed in terms of its natural variables, expressions are derived for the other three potentials
in terms of these same variables using the Gibbs–Helmholtz equations. The paper provides a thermody-
namic framework for the constitutive modeling of thermoelastic materials undergoing small strains but
ﬁnite changes in the thermal variables, the properties of which are liable to depend on the thermal
variables.
 2013 Elsevier Ltd. All rights reserved.1. Introduction ticity, the expressions for these potentials are well known. TheThe paper deals with thermodynamic potentials (the internal
energy, the Helmholtz energy, the Gibbs energy, and the enthalpy)
for a thermoelastic material, assuming small strains and ﬁnite
changes in the thermal variables (temperature or entropy).
The theory of thermoelasticity based on these assumptions,
which is intermediate between the theories of linear thermoelas-
ticity and ﬁnite thermoelasticity, is of particular interest in applica-
tions where the small strain tensor satisfactorily describes the
deformation and a linear (or, more precisely, an afﬁne) relation sat-
isfactorily describes the stress–strain response, but the changes in
either thermal variable, or both, are ﬁnite and liable to affect the
moduli of the material (Fernandes and Stouffer, 1973). Applica-
tions for which consideration of the materials’ temperature-depen-
dence is essential include components made of ceramic (de Faoite
et al., 2013) or of functionally graded materials (Birman and Byrd,
2007) which may experience high temperatures during operation.
In the case where both the strains and the changes in the ther-
mal variables are assumed to be small, that is, in linear thermoelas-expression for the Helmholtz energy in terms of the strain and
temperature can be found in any continuum mechanics textbook
with a chapter on thermoelasticity, e.g. (Liu, 2002, pp. 135–139).
Expressions for the four potentials in terms of each pair of indepen-
dent variables, one of which is either the strain or the stress, and
the other is either the temperature or the entropy, have been de-
rived by Lubarda (2004). Lubarda based his derivation on an afﬁne
stress–strain relation (i.e., the Duhamel–Neumann relation) and a
linear dependence on the temperature of the heat capacity at con-
stant strain. All these expressions are quadratic in their variables,
whatever pair of independent variables is used, and result in (i)
state equations that are linear in both the thermal and mechanical
variables and (ii) moduli that are independent of the mechanical
variables and, except the heat capacities, of the thermal variable.
Less attention has been paid so far to the case where the strains
are assumed to be small but the changes in either thermal variable
are not assumed to be small. The pair of variables almost always
used so far for this purpose have been the strain and the tempera-
ture. By combining the Duhamel–Neumann relation and the ﬁrst
principle of thermodynamics, Paolini (1967) has obtained expres-
sions for the four potentials in terms of these variables in the iso-
tropic case. Paolini’s expressions take the temperature dependence
of the bulk and shear moduli into account but neglect that of the
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(1988) has discussed an expression for the Helmholtz energy that
contains strain terms to the second order and temperature-change
terms to the third order. This expression results in an afﬁne stress–
strain relation, as well as speciﬁc dependences of the moduli of the
material on the temperature. For instance, the Young’s and shear
moduli turn out to be linear polynomials in the temperature
change. A more general expression for the Helmholtz energy in
the form of a quadratic function of strain with temperature depen-
dent coefﬁcients has been proposed by Ottosen et al. (2005, p. 555),
who have not, however, related all the coefﬁcients to the moduli of
the material. Again in the isotropic case, by Taylor expanding the
potential to the second order with respect to the strain, Kovalenko
(1970, pp. 28–30) has developed an expression of that form, in
which all the coefﬁcients were identiﬁed in terms of the moduli.
Kovalenko also obtained an expression for the Gibbs energy by
Legendre transforming the Helmholtz energy. Using a similar ap-
proach, the present author (Boussaa, 2011) has obtained expres-
sions for the Helmholtz and Gibbs energies in a slightly more
general form than that of Kovalenko’s expressions.
It is the purpose of this paper to develop expressions for the
four potentials in terms of not only the strain and the temperature,
but each of the four pairs of independent state variables. The
expressions are devised so as to produce afﬁne stress–strain rela-
tions with coefﬁcients depending on the independent thermal var-
iable used to describe the state. Therefore, each potential is sought
for in the form of a quadratic expansion in its natural mechanical
variable with coefﬁcients depending on its natural thermal vari-
able. The form of the coefﬁcients’ dependence on the thermal var-
iable is not speciﬁed beforehand so as to obtain the most general
expressions compatible with an afﬁne stress–strain relation.
The paper is organized around the pairs of independent state
variables rather than the potentials. Speciﬁcally, for each of the
four pairs of independent variables, an expression is ﬁrst devel-
oped for the natural potential for this pair of variables indepen-
dently of the other potentials. Then, from each potential
expressed as a function of its natural variables, expressions are ob-
tained for the other three potentials in terms of these variables.
The four pairs of independent variables and the corresponding
expressions for the potentials are addressed in turn in Sections
3–6. Because the expressions for the potentials in terms of their
natural variables are developed separately in each case, the ques-
tion of the equivalence between the thermoelasticity models they
deﬁne naturally arises. Section 7 discusses this question. Back-
ground and notation are given in Section 2.
2. Background and notation
2.1. Potentials and variables
The thermodynamic potentials of interest here are the internal
energy, u, the Helmholtz energy, f, the Gibbs energy, g, and the en-
thalpy, h. These four potentials are referred to a unit volume of ref-
erence conﬁguration, and their respective natural variables are
e; sð Þ; e; Tð Þ, r; Tð Þ, and r; sð Þ, where e is the small strain tensor, T
is the absolute temperature, s is the entropy, and r is the stress
tensor. The respective conjugate variables r; Tð Þ, r; sð Þ; e; sð Þ, and
e; Tð Þ are given, respectively, by the following conjugate relations:
r ¼ @u
@e
 
s
; T ¼ @u
@s
 
e
; ð1Þ
r ¼ @f
@e
 
T
; s ¼  @f
@T
 
e
; ð2Þe ¼  @g
@r
 
T
; s ¼  @g
@T
 
r
; ð3Þ
e ¼  @h
@r
 
s
; T ¼ @h
@s
 
r
: ð4Þ2.2. Moduli of the material
The moduli of the material used to express the potentials below
are the isothermal elasticity tensor LT , the isentropic elasticity ten-
sor Ls, the isothermal compliance tensorMT , the isentropic compli-
ance tensor Ms, the thermal expansion tensor aT , the entropic
expansion tensor as, the stress-temperature tensor bT , the stress-
entropy tensor bs, the heat capacity per unit reference volume at
constant strain Ce, and the heat capacity per unit reference volume
at constant stress Cr. These moduli are deﬁned as follows:
LT ¼ @r
@e
 
T
; Ls ¼ @r
@e
 
s
; ð5Þ
MT ¼ @e
@r
 
T
; Ms ¼ @e
@r
 
s
; ð6Þ
aT ¼ @e
@T
 
r
; as ¼ @e
@s
 
r
; ð7Þ
bT ¼
@r
@T
 
e
; bs ¼
@r
@s
 
e
; ð8Þ
Ce ¼ T @s
@T
 
e
; Cr ¼ T @s
@T
 
r
: ð9Þ
These moduli have the usual symmetries and depend a priori on the
two independent variables used to describe the thermodynamic
state.
2.3. Reference state, thermal stress and thermal strain
The reference state is assumed to be characterized by zero
stress and strain, the entropy s0, and the temperature T0.
Two quantities associated with the moduli deﬁned above are
now introduced because they lead to more compact expressions
for the potentials. The ﬁrst quantity is the thermal stress l, which
is the stress that develops in the material when the thermal vari-
able (entropy or temperature) is made to vary under zero-strain
conditions. The second quantity is the thermal strain m, which is
the strain, measured from the reference state, that develops in
the material when the thermal variable is made to vary under
zero-stress conditions. This can be written as follows:
lðÞ ¼ r e ¼ 0; ð Þ; ð10Þ
mðÞ ¼ e r ¼ 0; ð Þ; ð11Þ
where the missing argument is the thermal variable (entropy or
temperature).
The thermal stress and strain in the reference state are given
accordingly by
l s0ð Þ ¼ 0;
m s0ð Þ ¼ 0;
in the case where the entropy is the independent thermal variable,
and by
l T0ð Þ ¼ 0;
m T0ð Þ ¼ 0;
28 D. Boussaa / International Journal of Solids and Structures 51 (2014) 26–34in the case where the temperature is the independent thermal
variable.
How the thermal stress and thermal strain relate to the moduli
will be discussed below case by case.
2.4. Thermodynamic property relations
The following property relations will be useful:
Ms ¼ Lsð Þ1; ð12Þ
bs ¼
T
Ce
bT ; ð13Þ
LTaT þ bT ¼ 0; ð14Þ
Ls ¼ LT þ TCe bT  bT ; ð15Þ
where the elasticity and the compliance tensors are assumed
invertible.
The derivation of these equations uses differentiation rules
combined with deﬁnitions (1)–(4) for the thermodynamic vari-
ables and (5)–(9) for the moduli without adopting any assump-
tions about the form that the state equations are likely to take. It
is therefore not surprising that these equations appear under var-
ious guises in linear thermoelasticity and in ﬁnite thermoelasticity
(See (Thurston, 1974, pp. 122–147) and (Šilhavy´, 1997, pp. 174–
182) for similar expressions and approaches for derivation).
The following equation also will be useful. Let X denote any
quantity of interest. Then
@X
@e
 
s
¼ @X
@e
 
T
þ T
Ce
@X
@T
 
e
 bT ; ð16Þ
where  denotes the tensor product if X is tensorial, and a multipli-
cation of a scalar by a second-order tensor if X is scalar.
The above equation can be proved by combining the identity
@X
@e
 
s
¼ @X
@e
 
T
þ @X
@T
 
e
 @T
@e
 
s
with the Maxwell relation
@T
@e
 
s
¼ @r
@s
 
e
; ð17Þ
the right-hand side of which can be rewritten as follows:
@r
@s
 
e
¼ @r
@T
 
e
@T
@s
 
e
;
or, from (8–1) and (9–1),
@r
@s
 
e
¼ T
Ce
bT : ð18Þ
Note that substituting r for X into (16) gives (15).
2.5. The Gibbs–Helmholtz relations
Once the expression for a potential has been obtained in terms
of its natural variables, expressions for the other three potentials in
terms of these same variables are derived using one form of the
Gibbs–Helmholtz relations (Sychev, 1991), in which the deﬁnitions
of the potentials in terms of each other are combined with the con-
jugate relations (1)–(4).
The Gibbs–Helmholtz relations are used here in the following
form:
 For the internal energy, u, and its natural variables, ðe; sÞ:f ¼ u Ts ¼ u s @u
@s
 
e
; ð19Þg ¼ f  r  e ¼ u Ts r  e
¼ u s @u
@s
 
e
 e  @u
@e
 
s
; ð20Þh ¼ u r  e ¼ u e  @u
@e
 
s
: ð21Þ For the Helmholtz energy, f, and its natural variables, ðe; TÞ:g ¼ f  r  e ¼ f  e  @f
@e
 
T
; ð22Þ
h ¼ u r  e ¼ f  r  eþ Ts ¼ f  e  @f
@e
 
T
 T @f
@T
 
e
; ð23Þ
u ¼ f þ Ts ¼ f  T @f
@T
 
e
: ð24Þ For the Gibbs energy, g, and its natural variables, ðr; TÞ:h ¼ g þ Ts ¼ g  T @g
@T
 
r
; ð25Þ
u ¼ f þ Ts ¼ g þ Tsþ r  e ¼ g  T @g
@T
 
r
 r  @g
@r
 
T
; ð26Þ
f ¼ g þ r  e ¼ g  r  @g
@r
 
T
: ð27Þ For the enthalpy, h, and its natural variables, ðr; sÞ:u ¼ hþ r  e ¼ h r  @h
@r
 
s
; ð28Þ
f ¼ u Ts ¼ hþ r  e Ts ¼ h r  @h
@r
 
s
 s @h
@s
 
r
; ð29Þ
g ¼ h Ts ¼ h s @h
@s
 
r
: ð30ÞIn these relations, the dot ‘‘’’ denotes the inner product between
second-order tensors.2.6. Proposition
The following proposition will be used to simplify some of the
expressions resulting from the application of the Gibbs–Helmholtz
equations:
Suppose that / : R! R is continuously differentiable. Then
Z x
a
/ðtÞdt  x/ðxÞ ¼ 
Z x
a
t
d/
dt
ðtÞdt  a/ðaÞ: ð31Þ
This proposition will be used in two particular cases. In the ﬁrst
case, /ðxÞ ¼ R xa wðtÞdt for some continuous function w, in which
case (31) becomes
Z x
a
Z t
a
wðrÞdr
 
dt  x
Z x
a
wðtÞdt ¼ 
Z x
a
twðtÞdt: ð32Þ
In the second case, /ðxÞ ¼ exp R xa wðtÞdt  for some continuous func-
tion w, in which case (31) becomes
Z x
a
exp
Z t
a
wðrÞdr
 
dt  x exp
Z x
a
wðtÞdt
 
¼ 
Z x
a
twðtÞ exp
Z t
a
wðrÞdr
 
dt  a: ð33Þ
Eq. (31) follows directly by integration by parts of the integral on
the right-hand side.
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3.1. The internal energy
This section develops an expression for the internal energy, u, in
terms of its natural variables, e and s. The procedure used consists
of two steps: u is ﬁrst expanded to the second order in e, based on
the smallness of e; the expansion coefﬁcients are then identiﬁed in
terms of the moduli of the material.
Taylor expanding uðe; sÞ to the second order in e yields
uðe; sÞ ¼ 1
2
e  @
2u
@e2
ð0; sÞeþ @u
@e
ð0; sÞ  eþ uð0; sÞ: ð34Þ
From this equation and Eq. (1-1) relating the stress to the internal
energy, it follows that
r ¼ @
2u
@e2
ð0; sÞeþ @u
@e
ð0; sÞ:
The deﬁnition of Ls in (5-2) and that of lðsÞ in (10) can be used to
identify the coefﬁcients @2u=@2e
 ð0; sÞ and @u=@eð Þð0; sÞ as follows:
@2u
@e2
ð0; sÞ ¼ Ls; ð35Þ
@u
@e
ð0; sÞ ¼ lðsÞ: ð36Þ
As can be expected from a second-order expansion in e of the inter-
nal energy, the isentropic stiffness tensor Ls is a function only of s
and not of e. In line with its deﬁnition, the thermal stress lðsÞ is also
a function only of s, and how to express it in terms of the moduli
will be discussed shortly.
From Eq. (1-2) relating the temperature to the internal energy
and the equations just above,
T ¼ 1
2
e  dLs
ds
eþ dl
ds
 eþ @u
@s
ð0; sÞ:
Combining this equation with the deﬁnition of Ce in (9-1) gives
Ceðe; sÞ ¼
1
2 e  dLsds eþ dlds  eþ @u@s ð0; sÞ
1
2 e  d
2Ls
ds2
eþ d2 l
ds2
 eþ @2u
@s2 ð0; sÞ
;
which, when written for e ¼ 0, becomes
Ce 0; sð Þ ¼
@u
@s ð0; sÞ
@2u
@s2 ð0; sÞ
;
so that
Ce 0; sð Þð Þ1 ¼ @
@s
ln
@u
@s
ð0; sÞ
 
;
where use was made of @u=@sð Þð0; sÞ ¼ Tð0; sÞ > 0.
A ﬁrst integration of the preceding displayed equation from s0
to s yields
@u
@s
ð0; sÞ ¼ T0 exp
Z s
s0
d1
Ce 0; 1ð Þ
 
;
where 1 denotes a dummy integration variable and use was made of
T0 ¼ T 0; s0ð Þ ¼ @u=@sð Þ 0; s0ð Þ.
A second integration gives
uð0; sÞ ¼ u 0; s0ð Þ þ T0
Z s
s0
exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dg; ð37Þ
where g is another dummy integration variable.
Now, substituting (35)–(37) into expansion (34) yields the de-
sired expression for u e; sð Þ:
uðe; sÞ ¼ 1
2
e  LsðsÞeþ lðsÞ  eþ T0
Z s
s0
exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dg
þ u 0; s0ð Þ: ð38ÞCorresponding to this potential are the following state equations:
r ¼ LsðsÞeþ lðsÞ; ð39Þ
T ¼ 1
2
e  dLs
ds
ðsÞeþ dl
ds
ðsÞ  eþ T0 exp
Z s
s0
d1
Ce 0; 1ð Þ
 
; ð40Þ
and the following expression for the heat capacity at constant
strain:
Ceðe; sÞ ¼
1
2 e  dLsds eþ dlds  eþ T0 exp
R s
s0
d1
Ce 0;1ð Þ
 
1
2 e  d
2Ls
ds2
eþ d2l
ds2
 eþ T0Ce 0;sð Þ exp
R s
s0
d1
Ce 0;1ð Þ
  :
The state Eq. (39) can be solved analytically for e in terms of r and s,
and this makes it possible to analytically compute the partial Legen-
dre transform with respect to e of the internal energy (see Section 7
for an application). By contrast, the state Eq. (40) cannot be solved
analytically for s in terms of T and e, and this makes the analytical
computation of the partial Legendre transform with respect to s of
the internal energy impracticable.
3.2. The thermal stress in terms of the moduli of the material
The thermal stress lðsÞ can be written in several forms in terms
of the moduli of the material, and each form, when substituted into
the ﬁnal expression (38) for u, gives a possible equivalent expres-
sion for this potential. Three such forms are now presented.
Differentiating the stress–strain relation (39) with respect to s
at constant e and taking the deﬁnition of the stress-entropy tensor
in (8-2) gives
bs e; sð Þ ¼
dLs
ds
eþ dl
ds
:
Writing this equation for e ¼ 0 and integrating the result between
s0 and s gives a ﬁrst expression for lðsÞ:
lðsÞ ¼
Z s
s0
bs 0;gð Þdg: ð41Þ
By (13), bs 0;gð Þ can be written in terms of bT 0;gð Þ, Ce 0;gð Þ, and
T 0;gð Þ. The latter quantity is a function of T0 and Ce 0; 1ð Þ, with 1
varying between s0 and g, in view of (40). Combining the two obser-
vations yields a second expression for lðsÞ:
lðsÞ ¼ T0
Z s
s0
exp
Z g
s0
d1
Ce 0; 1ð Þ
 
bT 0;gð Þ
dg
Ceð0;gÞ : ð42Þ
Again, by (14), bT 0; sð Þ can be written in terms of aT 0; sð Þ and LT 0; sð Þ,
and substituting (14) into (41) gives a third expression for lðsÞ:
lðsÞ ¼ T0
Z s
s0
exp
Z g
s0
d1
Ce 0; 1ð Þ
 
LTð0;gÞaT 0;gð Þ dgCeð0;gÞ : ð43Þ3.3. The Helmholtz energy, the Gibbs energy and the enthalpy
Combining the Gibbs–Helmholtz equations (19)–(21) with
expression (38) for the internal energy gives the following expres-
sions for the other three potentials:
f ðe; sÞ ¼ 1
2
e  Ls  s dLsds
 
eþ l s dl
ds
 
 e T0
Z s
s0
g
Ce 0;gð Þ
 exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dgþ u 0; s0ð Þ  T0s0; ð44Þ
gðe; sÞ ¼ 1
2
e  Ls þ s dLsds
 
e s dl
ds
 e T0
Z s
s0
g
Ce 0;gð Þ
 exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dgþ u 0; s0ð Þ  T0s0; ð45Þ
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2
e  Lseþ T0
Z s
s0
exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dgþ u 0; s0ð Þ: ð46Þ
The derivation of (44) and (45) involved reducing the expressionZ s
s0
exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dg s exp
Z s
s0
d1
Ce 0; 1ð Þ
 
to
s0 
Z s
s0
g
Ce 0;gð Þ exp
Z g
s0
d1
Ce 0; 1ð Þ
 
dg;
by using (33).
4. Strain and temperature as independent variables
4.1. The Helmholtz energy
An expression for the Helmholtz energy, f, in terms of its natural
variables, T and e, is now drawn up using a similar approach to that
used to develop that for the internal energy. A similar derivation
was described by the present author (Boussaa, 2011) and is in-
cluded here for completeness.
An expansion of f to the second order with respect to e gives
f e; Tð Þ ¼ 1
2
e  @
2f
@e2
0; Tð Þeþ @f
@e
0; Tð Þ  eþ f 0; Tð Þ: ð47Þ
From this equation and Eq. (2-1) relating the stress to the Helm-
holtz energy, it follows that
r ¼ @
2f
@e2
0; Tð Þeþ @f
@e
0; Tð Þ:
The deﬁnition of LT in (5-1) and that of lðTÞ in (10) can be used to
identify the coefﬁcients @2f=@2e
 ð0; TÞ and @f=@eð Þð0; TÞ as follows:
@2f
@e2
0; Tð Þ ¼ LT ; ð48Þ
@f
@e
0; Tð Þ ¼ lðTÞ: ð49Þ
Again, as can be expected when dealing with a quadratic
expression in e for the Helmholtz energy, the isothermal stiffness
tensor LT is a function only of T and not of e. In line with its deﬁni-
tion, the thermal stress lðTÞ is also a function only of T, and how to
relate it to the moduli of the material is discussed below.
By (47)–(49) and the conjugate relation (2-2) relating the entro-
py to the Helmholtz energy,
s ¼ 1
2
e  dLT
dT
e dl
dT
 e @f
@T
0; Tð Þ:
From this equation and deﬁnition (9-1) of the heat capacity at con-
stant strain, it follows that
Ce e; Tð Þ ¼ T 12 e 
d2LT
dT2
eþ d
2l
dT2
 eþ @
2f
@T2
0; Tð Þ
 !
;
whence
Ce 0; Tð Þ ¼ T @
2f
@T2
0; Tð Þ:
Dividing both sides of this equation by T and integrating the result
twice gives
f 0; Tð Þ ¼ f 0; T0ð Þ  s0 T  T0ð Þ 
Z T
T0
Z n
T0
Ce 0; mð Þ
m
dm
 
dn; ð50Þ
where m and n are again dummy integration variables.Lastly, by combining together (47)–(50), one obtains the desired
expression for f:
f e; Tð Þ ¼ 1
2
e  LTðTÞeþ lðTÞ  e s0 T  T0ð Þ

Z T
T0
Z n
T0
Ce 0; mð Þ
m
dm
 
dnþ f 0; T0ð Þ: ð51Þ
Corresponding to this potential are the following state equations:
r ¼ LTðTÞeþ lðTÞ;
s ¼ 1
2
e  dLT
dT
e dl
dT
 eþ
Z T
T0
Ce 0; mð Þ
m
dmþ s0 ð52Þ
and the following expression for the heat capacity at constant
strain:
Ce e; Tð Þ ¼ Ce 0; Tð Þ  T 12 e 
d2LT
dT2
eþ d
2l
dT2
 e
 !
: ð53Þ
The heat capacity at constant strain depends on both T and e, con-
trary to what occurs in linear thermoelasticity, where it depends so-
lely, and linearly, on T.4.2. The thermal stress in terms of the moduli of the material
Differentiating the stress–strain relation (52) with respect to
the temperature at constant strain and considering deﬁnition
(8-1) of the stress-temperature tensor bT gives
bT e; Tð Þ ¼
dLT
dT
eþ dl
dT
; ð54Þ
whence
lðTÞ ¼
Z T
T0
bT 0; mð Þdm: ð55Þ
From property relation (14), lðTÞ can also be written as follows:
l Tð Þ ¼ 
Z T
T0
LT mð ÞaT 0; mð Þdm: ð56Þ
In this equation, aT 0; mð Þ denotes the value of the thermal expansion
tensor in the state ðe ¼ 0; TÞ, and this is therefore not the free ther-
mal expression. Subsection 4.4 is a digression on how to relate the
two quantities.4.3. The Gibbs energy, the enthalpy and the internal energy
Combining the Gibbs–Helmholtz equations (22)–(24) with
expression (51) for the Helmholtz energy, one obtains the follow-
ing expressions for the Gibbs energy, the enthalpy and the internal
energy, respectively:
g e; Tð Þ ¼ 1
2
e  LTe s0 T  T0ð Þ 
Z T
T0
Z n
T0
Ce 0; mð Þ
m
dm
 
dn
þ f 0; T0ð Þ; ð57Þ
h e; Tð Þ ¼ 1
2
e  LT þ T dLTdT
 
e T dl
dT
 eþ
Z T
T0
Ce 0; mð Þdm
þ f 0; T0ð Þ þ s0T0; ð58Þ
u e; Tð Þ ¼ 1
2
e  LT  T dLTdT
 
eþ l T dl
dT
 
 e
þ
Z T
T0
Ce 0; mð Þdmþ f 0; T0ð Þ þ s0T0: ð59Þ
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the expressionZ T
T0
Z n
T0
Ce 0; mð Þ
m
dm
 
dn T
Z T
T0
Ce 0; mð Þ
m
dm
to

Z T
T0
Ce 0; mð Þdm;
using (32).
In view of (59) and (53), it is possible to check that, as was to be
expected,
@u
@T
 
e
¼ Ce e; Tð Þ:4.4. A digression on the thermal expansion tensor
In (56), the quantity aTð0; TÞ denotes the value of the thermal
expansion in the state ðe ¼ 0; TÞ. This quantity generally differs
from the free thermal expansion at temperature T, which corre-
sponds to the value of aT in the state ðr ¼ 0; TÞ. To express the for-
mer quantity, denoted by aTðe ¼ 0, TÞ in this subsection, in terms of
the latter quantity, denoted by aðr ¼ 0, TÞ, it can be noted that
inverting the stress–strain relation (52), differentiating the result-
ing equation with respect to T at constant r and taking deﬁnition
(7-1) of aT gives
aT r ¼ 0; Tð Þ ¼  ddT L
1
T lðTÞ
 
; ð60Þ
from which and (56) it follows that
aT r ¼ 0; Tð Þ ¼ ddT LTðTÞ
1
Z T
T0
LT mð ÞaT e ¼ 0; mð Þdm
 
and
l Tð Þ ¼ LTðTÞ
Z T
T0
aT r ¼ 0; mð Þ dm:
Substituting this latter into stress–strain relation (52) results in
(Noda, 1986)
r ¼ LTðTÞ e
Z T
T0
aT r ¼ 0; mð Þ dm
 
:
By introducing the secant thermal coefﬁcient, i.e. the average of
aT r ¼ 0; mð Þ over the temperature interval T0; T½ , viz.,
asecT ðTÞ ¼
1
T  T0
Z T
T0
aT r ¼ 0; mð Þ dm;
one can also write the above stress–strain relation as follows:
r ¼ LTðTÞ e asecT ðTÞ T  T0ð Þ
 	
:5. Stress and temperature as independent variables
5.1. The Gibbs energy
The same approach as in Sections 3 and 4 is now used to obtain
the Gibbs energy, g, in terms of its natural variables, r and T. The
second-order Taylor expansion of g with respect to r yields
g r; Tð Þ ¼ 1
2
r  @
2g
@r2
0; Tð Þrþ @g
@r
0; Tð Þ  rþ g 0; Tð Þ: ð61Þ
This equation and the conjugate relation (3-1) relating the strain to
the Gibbs energy givee ¼  @
2g
@r2
0; Tð Þr @g
@r
0; Tð Þ:
From the deﬁnition of the isothermal compliance tensor in (6-1)
and that of the thermal strain in (11), it can be concluded that
@2g
@r2
0; Tð Þ ¼ MT ; ð62Þ
@g
@r
0; Tð Þ ¼ mðTÞ: ð63Þ
On the other hand, from (62) and (63), and the conjugate relation
(3-2) relating the entropy to the Gibbs energy, it follows that
s ¼ 1
2
r  dMT
dT
rþ dm
dT
 r @g
@T
0; Tð Þ;
which, combined with the deﬁnition of Cr in (92), gives
Cr r; Tð Þ ¼ T 12r 
d2MT
dT2
rþ d
2m
dT2
 r @
2g
@T2
0; Tð Þ
 !
;
whence
Cr 0; Tð Þ ¼ T @
2g
@T2
0; Tð Þ:
Reasoning in the same way as in the procedure used to obtain
expression (50) for f ð0; TÞ, one obtains
gð0; TÞ ¼ g 0; T0ð Þ  s0 T  T0ð Þ 
Z T
T0
Z n
T0
Cr 0; mð Þ
m
dm
 
dn;
where m and n are again dummy integration variables.
Substituting this equation along with (62) and (63) into (61)
gives the desired expression for g:
gðr; TÞ ¼ 1
2
r MTðTÞrmðTÞ  r s0 T  T0ð Þ

Z T
T0
Z n
T0
Cr 0; mð Þ
m
dm
 
dnþ g 0; T0ð Þ: ð64Þ
The corresponding state equations are
e ¼MTðTÞrþmðTÞ; ð65Þ
s ¼ 1
2
r  dMT
dT
rþ dm
dT
 rþ
Z T
T0
Cr 0; mð Þ
m
dmþ s0;
and the corresponding expression for the heat capacity at constant
stress is
Crðr; TÞ ¼ Cr 0; Tð Þ þ T 12r 
d2MT
dT2
rþ d
2m
dT2
 r
 !
: ð66Þ5.2. The thermal strain in terms of the moduli of the material
Differentiating the strain–stress relation (65) with respect to T
at constant r and considering the deﬁnition of the thermal expan-
sion tensor in (7-1) gives
aTðr; TÞ ¼ dMTdT rþ
dm
dT
;
from which it follows that
mðTÞ ¼
Z T
T0
aT 0; mð Þdm: ð67Þ
The thermal expansion tensor aTðr; TÞ depends on T and linearly on
r, and its value in a state characterized by ðr ¼ 0; TÞ is by deﬁnition
the free thermal expansion tensor at temperature T.
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Combining the Gibbs–Helmholtz equations (25)–(27) with
expression (64) for the Gibbs energy, and using (32) to simplify
the resulting equations, one obtains the following expressions for
the enthalpy, the Helmholtz energy, and the internal energy,
respectively:
hðr; TÞ ¼ 1
2
r  MT  T dMTdT
 
r m T dm
dT
 
 r
þ
Z T
T0
Cr 0; mð Þdmþ g 0; T0ð Þ þ s0T0; ð68Þ
uðr; TÞ ¼ 1
2
r  MT þ T dMTdT
 
rþ T dm
dT
 rþ
Z T
T0
Cr 0; mð Þdm
þ g 0; T0ð Þ þ s0T0; ð69Þ
f ðr; TÞ ¼ 1
2
r MTr s0 T  T0ð Þ 
Z T
T0
Z n
T0
Cr 0; mð Þ
m
dm
 
dn
þ g 0; T0ð Þ: ð70Þ
In view of (68) and (66), one can check that, as was to be expected,
@h
@T
 
r
¼ Cr r; Tð Þ:6. Stress and entropy as independent variables
6.1. The enthalpy
The enthalpy, h, is now treated on the same lines as the other
three potentials. Its second-order expansion with respect to its
mechanical natural variable, r, gives
h r; sð Þ ¼ 1
2
r  @
2h
@r2
0; sð Þrþ @h
@r
0; sð Þ  rþ h 0; sð Þ: ð71Þ
By the conjugate relation (4-1) relating the strain to the enthalpy,
e ¼  @
2h
@r2
0; sð Þr @h
@r
0; sð Þ:
This equation, combined with deﬁnition (6-2) of the isentropic
compliance tensor and deﬁnition (11) of the thermal strain, shows
that
@2h
@r2
0; sð Þ ¼ MsðsÞ; ð72Þ
@h
@r
0; sð Þ ¼ mðsÞ: ð73Þ
Likewise, the conjugate relation (4-2) relating the temperature
to the enthalpy implies that
T ¼ 1
2
r  dMs
ds
r dm
ds
 rþ @h
ds
0; sð Þ;
so that, by (72), (73), and deﬁnition (9-2) of the heat capacity at
constant strain,
Crðr; sÞ ¼
 12r  dMsds r dmds  rþ @h@s ð0; sÞ
 12r  d
2Ms
ds2
r d2m
ds2
 rþ @2h
@s2 ð0; sÞ
:
Writing this equation for r ¼ 0 gives
Crð0; sÞ ¼
@h
@s ð0; sÞ
@2h
@s2 ð0; sÞ
;which, when integrated in a similar way to what was done to obtain
expression (37) of uð0; sÞ, gives
hð0; sÞ ¼ h 0; s0ð Þ þ T0
Z s
s0
exp
Z g
s0
d1
Cr 0; 1ð Þ
 
dg:
Substituting this equation, along with (72) and (73), into (71) then
gives
hðr; sÞ ¼ 1
2
r MsðsÞrmðsÞ  r
þ T0
Z s
s0
exp
Z g
s0
d1
Cr 0; 1ð Þ
 
dgþ h 0; s0ð Þ: ð74Þ
Corresponding to this potential are the following state equations:
e ¼MsðsÞrþmðsÞ; ð75Þ
T ¼ 1
2
r  dMs
ds
ðsÞr dm
ds
ðsÞ  rþ T0 exp
Z s
s0
d1
Cr 0; 1ð Þ
 
; ð76Þ
and the following expression for the heat capacity at constant
stress:
Crðr; sÞ ¼
 12r  dMsds r dmds  rþ T0 exp
R s
s0
d1
Cr 0;1ð Þ
 
 12r  d
2Ms
ds2
r d2m
ds2
 rþ T0Cr 0;sð Þ exp
R s
s0
d1
Cr 0;1ð Þ
  :6.2. The thermal strain in terms of the moduli of the material
In view of (72), differentiating the stress–strain relation (75)
with respect to s at constant e gives
as r; sð Þ ¼ dMsds rþ
dm
ds
;
from which it follows that
mðsÞ ¼
Z s
s0
as 0;gð Þdg: ð77Þ
A second expression formðsÞ can be obtained as follows. From rela-
tion property (13), as 0;gð Þ can be written in terms of aT 0;gð Þ,
Cr 0;gð Þ and T 0;gð Þ. In view of (76), the latter quantity is a function
of T0 and Cr 0; 1ð Þ, for 1 varying between s0 and g. Combining the
two observations yields
mðsÞ ¼ T0
Z s
s0
exp
Z g
s0
d1
Cr 0; 1ð Þ
 
aT 0;gð Þ dgCr 0;gð Þ ;
where m s0ð Þ ¼ 0 was used.6.3. The internal energy, the Helmholtz energy and the Gibbs energy
Combining the Gibbs–Helmholtz equations (28)–(30) with the
ﬁnal expression for the enthalpy (74) and using (33) to simplify
the resulting equations, one obtains the following expressions for
the internal energy, the Helmholtz energy, and the Gibbs energy,
respectively:
u r; sð Þ ¼ 1
2
r Msrþ T0
Z s
s0
exp
Z g
s0
d1
Cr 0; 1ð Þ
 
dgþ h 0; s0ð Þ; ð78Þ
f r; sð Þ ¼ 1
2
r  Ms þ s dMsds
 
rþ dm
ds
 rs T0
Z s
s0
g
Cr 0;gð Þ
 exp
Z g
s0
d1
Cr 0; 1ð Þ
 
dgþ h 0; s0ð Þ  T0s0; ð79Þ
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2
r  Ms  s dMsds
 
r m s dm
ds
 
 r
 T0
Z s
s0
g
Cr 0;gð Þ exp
Z g
s0
d1
Cr 0; 1ð Þ
 
dgþ h 0; s0ð Þ
 T0s0: ð80Þ7. The expansions do not all result in the same constitutive
model for the thermoelastic material
In Sections 3,6, the expressions for the potentials in terms of
their respective natural variables were obtained independently of
each other. A natural question is: Do these expressions all deﬁne
the same constitutive model for the thermoelastic material?
This section answers this question by showing that
1. the model based on the e-expansion of the internal energy
(expression (38)) and the model based on the r-expansion
of the enthalpy (expression (74)) coincide, and that,
2. the model based on the e-expansion of the internal energy
(expression (38)) and the model based on the e-expansion
of the Helmholtz (expression (51)) differ.
It can also be proved, by arguing on similar lines, that the model
based on the e-expansion of the Helmholtz energy (expression
(51)) matches the model based on the r-expansion of the Gibbs
energy (expression (64)).
7.1. The e-expansion of the internal energy and the r-expansion of the
enthalpy yield the same constitutive model
To prove that the r-expansion of the enthalpy and the e-expan-
sion of the internal energy both yield the same model, it sufﬁces to
show that expression (74) for the enthalpy matches the Legendre
transform with respect to e of expression (38) for the internal
energy.
First note that writing the stress–strain relation (39) for r ¼ 0
and using deﬁnition (11) of the thermal strain gives
LsðsÞmðsÞ þ lðsÞ ¼ 0:
Let ~u denote the partial Legendre transform of the internal energy
(38) with respect to the strain; that is, ~u is the enthalpy in the model
resulting from the e-expansion of the internal energy. Substituting
the above equation along with the stiffness-compliance relation
(12) into the Legendre transform of u with respect to e, viz.
~u ¼ u r  e;
gives
~u ¼ 1
2
r Msrm  r 12m  Lsm
þ T0
Z s
s0
exp
Z g
s0
d1
Ce e ¼ 0; 1ð Þ
 
dgþ u 0; s0ð Þ: ð81Þ
To obtain (74) from this equation, one needs to express the term in
Ce e ¼ 0; 1ð Þ on the right-hand side in terms of Cr r ¼ 0; 1ð Þ. From
(81) and conjugate Eq. (4-2) relating the temperature to the
enthalpy,
T ¼ 1
2
r  dMs
ds
r dm
ds
 r 1
2
d
ds
m  Lsmð Þ
þ T0 exp
Z s
s0
d1
Ce e ¼ 0; 1ð Þ
 
:
This equation, when combined with the following rewriting of def-
inition (9-2) of the heat capacity at constant stress,1
Cr r; sð Þ ¼
1
T
@T
@s
 
r
;
gives
1
Cr r ¼ 0; sð Þ ¼
d
ds
ln T0 exp
Z s
s0
d1
Ce e ¼ 0; 1ð Þ
 
 1
2
d
ds
m  Lsmð Þ

 
:
Integration of this equation from s0 to s givesZ s
s0
d1
Cr r¼0;1ð Þ¼ ln T0 exp
Z s
s0
d1
Ce e¼0;1ð Þ
 
1
2
d
ds
m Lsmð Þ

 
 lnT0;
where use was made of m s0ð Þ ¼ 0.
Exponentiating both sides of this equation and integrating the
result from s0 to s gives
T0
Z s
s0
exp
Z g
s0
d1
Cr r ¼ 0; 1ð Þ
 
dg ¼ T0
Z s
s0
exp
Z g
s0
d1
Ce e ¼ 0; 1ð Þ
 
 1
2
m  Lsm;
where, again, use was made of m s0ð Þ ¼ 0.
Substituting this equation into (81) and noting that u e ¼ 0; s0ð Þ
¼ ~uðr ¼ 0; s0Þ allows one now to conclude that the models corre-
sponding to potentials (38) and (79) are Legendre transforms of
each other, and that they therefore constitute exactly the same
constitutive model for the thermoelastic material.
7.2. The e-expansion of the internal energy and the e-expansion of the
Helmholtz energy result in different constitutive models
To establish that the e-expansion of the internal energy and the
e-expansion of the Helmholtz energy result in different constitu-
tive models for the thermoelastic material, it sufﬁces to exhibit
an instance in which the predictions of the two models differ.
In the model based on the e-expansion of the internal energy,
the isentropic stiffness tensor Ls is independent of e at constant s
(see Subsection 3.1). This independence will be shown not to hold
in the model resulting from the e-expansion of the Helmholtz en-
ergy. To keep the algebra simple, this will be proved under the fol-
lowing restriction: The isothermal stiffness LT and the stress-
temperature tensor bT are assumed to be independent of the tem-
perature. (The temperature independence of LT automatically nul-
liﬁes the strain dependence of bT , by (54).) It is worth noting that
this temperature independence assumption is permissible in the
framework corresponding to the e-expansion of the Helmholtz
energy.
Under this restriction, Ce e; Tð Þ is independent of e at constant T,
given (53) and (55). More precisely, Ce e; Tð Þ ¼ Ce e ¼ 0; Tð Þ, so that
@Ce
@e
 
T
¼ 0:
Differentiating property relation (15) between Ls and LT with re-
spect to e at constant entropy and using (16) then gives
@Ls
@e
 
s
¼ T
C3e
Ce  T dCedT
 
bT  bT  bT : ð82Þ
Unless Ce is linear in T, the quantity @Ls=@eð Þs will generally not van-
ish in the model resulting from the e-expansion of the Helmholtz
energy, contrary to what occurs in the model resulting from the
e-expansion of the internal energy. But the model resulting from
the e-expansion of the Helmholtz energy, contrary to linear thermo-
elasticity, by no means implies the linearity of Ce in T. It follows that
the two models differ in this particular context and are therefore
different constitutive models for the thermoelastic material.
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Although not all the four potentials deﬁne the same constitutive
model strictly speaking, it is not easy to assess to what extent their
predictions will disagree in actual practice. The disagreement is ex-
pected to be negligible for temperatures around room temperature
and materials such as metals or ceramics. Thus, in the case of an
isotropic material with negligible temperature dependence of Ce
around room temperature, (82) reduces to
@Ls
@e
 
s
¼ Tr 3kTaTð Þ
3
C2e
i i i; ð83Þ
where kT is the isothermal bulk modulus, aT is the linear thermal
expansion coefﬁcient, and Tr is the room temperature. The absolute
value of the scalar coefﬁcient on the right-hand side of (83) can be
written as the product of two factors: Tr 3kTaTð Þ2=Ce and 3jTaT=Ce.
The former factor represents the difference at room temperature
between the isentropic and the isothermal bulk moduli and is typ-
ically of the order of one percent of jT or less for metals and ceram-
ics (Rice, 1999). The latter factor is the Grüneisen parameter and is
typically of order unity for a wide variety of materials and condi-
tions (Irvine and Stacey, 1975). As a result, for a strain level compat-
ible with the small strain assumption, say less than one percent, the
difference between Ls including the term in e and Ls not including it
is of order 104jT . The difference is indeed about the same order of
magnitude for a large range of temperature.
8. Conclusions
The present study developed expressions for the thermody-
namic potentials of a thermoelastic material undergoing small
strains and ﬁnite changes in the thermal variables. More speciﬁ-
cally, the study yielded the following results:
 Expressions were developed for the potentials in terms of their
natural variables. Each expression was developed separately by
expanding the potential with respect to its mechanical variable
only and keeping terms up to the second order, so that the
resulting expression is quadratic in its natural mechanical var-
iable, with coefﬁcients that are functions of its natural thermal
variable, and the corresponding stress–strain relation is afﬁne.
The expressions thus obtained are the most general ones com-
patible with afﬁne stress–strain relations. The constitutive models for the thermoelastic material deﬁned
by these expressions were shown to be not all the same.
 From each potential written as a function of its natural vari-
ables, expressions were drawn up for the other three potentials
in terms of these same variables, using the Gibbs–Helmholtz
equations.
This study provides a framework for modeling thermoelastic
problems where the strains are small but the changes in the ther-
mal variables are ﬁnite and the material properties are liable to de-
pend on either thermal variable.
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